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II.  The Elements of Geometry. 
By 5TOR~AS CAMPS~.LL, Sc.D.* 

Summary. 

I T is maintained that the geometry of Euclid is best 
interpreted as an attempt to deduce as many important 

propositions as possible from the assumption that length, 
angle, :trea (and perhaps volume) are magnitudes uni- 
versally measurable by the methods that are actually 
employed in experimental physics. All his chief pro- 
positions (in so far as they are true) can be deduced from 
that assumption without any other. 

This view is supported, not by a detailed analysis of 
the Elements, but by a very summary sketch of the laws 
that must be true if the assumption is to be acceptable. 
In a sequel it is hoped to discuss similarly ~he foundations 
of another branch of experimental geometry with which 
Euclid is not directly coucerned~namely the,geometry of 
position, which involves the concept o f "  space. 

1. There was formerly much discussion whether geometry 
was an experimental or ~, mathematical science. It  is now 
generally agreed th~,t there are two closely connected 
sciences, one mathematical and one experimental. The 
former, which has been defined as the study of multi- 
dimensional series, consists of a logical development of 
ideas which have no necessary dependence on the experience 
of the senses. It  does not consist of laws and cannot be 
proved or disproved by experiment; it can enter into 
relation with experimental science only through theories 
and by suggesting hypotheses which, interpreted suitably, 
predict laws. The formulation of such theories, in which 
Minkowski was the pioneer, is one of the most striking 
features of modern mathematical physics. The experi- 
mental science, on the other hand, is meaningless apart 
from experience, and its propositions are true or false 
according as they agree or disagree with experiment. 
They are the very fundamental laws which involve only 
the geometrical magnitudes such as length, angle, or area. 
It  may be no~ed in passing that tile laws predicted by 
geome[rical theories are not in general geometrical laws, 
but involve electrical, optic~d, or dymnnical concepts. 

Communicated by the Author. 
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16 Dr. Norlnan Campbell on the 

The mathematicians who have recently taken over from 
the philosophers the task of teaching experimenters their 
business have decided that only the mathematical science 
is properly termed geometry. In support of their claim 
they appeal to the authorit'y of the Greeks, and thereby 
imply that Greek geometry is mathematical and not experi- 
mental. This implication raises questions of scientific 
interpretation and not of mere convenience in nmnenc]ature. 
For the matter cannot be decided by inquiring what Euclid 
(for example) thought he was writi~g about: it is admitted 
that, as an exponent of mathematical geometry, he was 
guilty of errors ; and, if he was capable of error, he may 
have been wrong as to the nature of his assumptions and of 
his arguments. If  we are justified today iH confining the 
term to one study rather than a,other, because that term 
wax used by Euclid, it can o~ly be on the ground that 
Euclid's propositions and his methods of proving them are 
closely similar to those employed today in that study. 

If  this test is applied, geometry is an experimerltal 
science. For whereas the Elements is utterly different 
from anything modern nmthematieal geometers produce, 
it is, judged by modern standards, quite a creditable 
attempt at an exposition of experimental geometry. It 
can be regarded broadly as an attempt to deduce as many 
important laws as possible from the single assumption 
that length: area, angle, and (less definitely) volume are 
magnitudes, u~dversally measurable by the methods which 
are actually employed in experimental physics, or to which 
the methods that are actually employed would be referred 
if doubt arose concerning their validity. .Notl~in.q is assumecl 
but that evertj straight line has a lenf]th, ever~j pair of straight 
lines aJ~ angle, and ever~j plane surJace ~¢n a~'ea. The 
definitions, axioms, and postulates should then be state- 
merits ot ~ the laws by virtue of which measurement is 
possible. I t  is admitted that the attempt is not wholly 
successful; but its faults, or many of them, are readily 
explicable: the author has not to be represented (as he 
must be if he is an exponent o[ the mathematical science) 
as constantly s~raining at gnats and swallowing camels. 

Such a view can be established only by a detailed and 
tedious criticism which, in so far as it concerns Euclid's 
intelligence, is not o[ scientific interest. In place o[" it 
will be offered a very summary sketch of the fundamental 
notions and laws of experimenfal geometry and sufficient 
comparison of them with Euclid's assumptions to suggest 
that on them might be founded a deduction, by methods 

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
C

al
if

or
ni

a,
 S

an
 D

ie
go

] 
at

 1
2:

14
 2

9 
Ju

ne
 2

01
6 



_l~lements of Geometry. 17 

very similar to those that he employs, of the propositions 
which he actually states. References are throughout to 
Todhunter's edition. 

(2) But two preliminary questions must be asked. First, 
can an experimental science be deductive at all? Certainly 
it can. A deduction from a law is an application of that 
law in particular circumstances which were not examined 
when it was formulated. If, after examining the sides of 
squares and of triangles, I assert the general law that 
all straight lines have measurable lengths, and then, without 
further experiment, assert that the diagonals of squ',res, 
which are also straight lines, are also measurable, I am 
m~king a deduction. It  may be true that there is some- 
thing precarious about the results of such deduction-- 
that question is not raised here,--but the deduction itself 
is quite unexceptionable; the falsity of the conclusion is 
definitely inconsistent with the truth of the premises. 
If  doubt is raised concerning the conclusion, the ultimate 
means of resolving it is by experiment; but experimental 
science, in the hands of its greatest exponents, consists ia 
asserting such general laws that doubt does not arise 
concerning the results of deduction based on them. 

The second question is whether there are truly laws 
which make lneasurement possible. The question is dis- 
cussed at length in my 'Physics, '  Part II., the results and 
nomenclature of which will be used freely i,, what follows. 
But there is one matter which may receive special mention 
here, because it is concerned with "incommensurables," 
which are often (but falsely) believed to be of especi:,l 
importance in geometry. Measurement is possible when, 
by means of definitions of equality and addition, a standard 
series of the property in question can be established, starting 
from some arbitrary unit, such that any system having the 
property is equal in respect of it to some one member of 
the standard series. Now (it might be argued)such mea- 
surement is not possible for length, because the diagonal of 
a square cannot be equal to any member o[ a standard series 
based on the side as nulL; indeed that result is actually 
proved by Euclid. Consequently it is patently absurd to 
pretend that Euclid's propositions can be derived from an 
assumption, namely that measurement is possible, which is 
inconsistent with its conclusions. 

One method of escape from this difficulty may be 
mentioned, although it will not be adopted. A slight 

Phil. Mug. S. 6. Vol. 44=. No. 259. July 1922. C 
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18 Dr. ~orman Campbell on the 

amendment in the thesis might be made, and it might 
be said that Euclid's assumption is that the laws are true 
which would make measurement possible if there were no 
incommensurable lengthswfor these laws, though necessary 
to measurement, may not be sufficient. But tile difficulty 
vanishes entirely, if it is remembered what is meant by 
"equa l i ty"  in experimental measurement. When it is 
said that A is equal to B, it is meant that there is no 
possible means of deciding which of the two is the greater. 
I f  then I say that the diagonal of a square is ~/2 times 
the side, I mean that, if I measure the diagonal in terms 
of tile side as unit, there is no means of deciding whether 
tile value obtained, when multiplied by itself according to 
the multiplication table, will be greater or less than 2. 
That statement is not in the least inconsistent with my 
assigning to particular diagonals values of which the square 
is not 2 ; it is only inconsistent if a law can be found 
by which I can tell in particular cases whether the square 
will be greater or less than 2. My assertion is that  there 
is no such law;  and that assertion is true. In its appli- 
cation to all magnitudes except number, equality must be 
interpreted in this~ slightly statistical, sense. 

3. There is then no preliminary objection to the view 
that Euclid's propositions are deductions from the laws in 
virtue of which the geometrical magnitudes are measurable. 
We now proceed to ask what those lawn are. 

Geometrical conceptions are derived ultimately from 
our immediate sensations of muscular movement,° just as 
dynamical conceptions are derived from our sensations of 
muscular exertion and therm~tl conception from our sense 
of hot and cold. We have an instinctive and indescribable 
appreciation el' differences in direction of various movements ; 
we appreciate that one direction may be between two others ; 
and if other sensations (e. g. those of hot  and cold or rough 
and smooth) vary with movement along a certain direction, 
we appreciate that of the varying sensations some are betwee~ 
others. The notions of direction and of the two kinds of 
betweenness are the foundations of geometry. It is a vitally 
important fact that there is an intimate relation connecting 
betweenness determined by one kind of muscular motion (e. g. 
that of the hand) and that determined by another (e. g. that 
of the eye). The relation is much too complex for any 
accouter of it to be attempted here ; but it is only because it 
exists that "space" explored visually or by our different limbs 
is always the same. 
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Elements of Geomet~w. 19 

The fundamental notions give rise to those of surfaces and 
lines. Surfaces are connected with the fact that a sensation 
may be unaltered by movement in any of a certain group 
of directions (which are said to be in a surface and to cha- 
racterize it), while it may be altered by any movement in 
any direction not in this group (directions away from the 
surface). Of lines there are two kinds, which will be termed 
respectively " e d g e s "  and "scratches."  Edges arise from 
the fact that the group of directions characteristic of a 
surface may chang e suddenly at some part of it. I t  is 
a matter of convenience whether the parts characterized by 
different directions are spoken of as different surfaces or 
as parts of the same surface: we shall adopt the second 
alternative. Scratches arise from the fact that, while the 
directions characterizing a surface are unaltered, the sen- 
sation the occurrence of which distinguishes " i~  the, 
surface"  from " o u t  of the surface " may change suddenly. 
Some, but not all lines, are such that the whole of them 
lies along a single direction. Points are of little importance 
in the earlier stages of geometry ; they arise from the fact 
that two lines may have a par~ in common. Two points, 
both on ~.he same line, are termed the ends of the part of 
the line between those points. 

The recognition of surfaces and lines is the first step 
towards geometry. Euclid attempts to give an account 
of them in Defs. 1, 2, 3, 5 of Book I., which are the least 
successful part of his treatise. The account given of them 
hel:e is no better than Euclid's for the purpose of conveying 
a notion of them to one who does not possess it already; 
but since there are no such persons, the objection is not 
serious. But our account is better in drawing attention to the 
notions that are fundamentalin geometry and in not assumi~g 
familiarity with conceptions, such as length, which aie 
necessarily subsequent. 

4. Some surfaces, but not all, when subjected to muscular 
force undergo only such changes as can be compensated by 
a suitable movelnent of the whole body : if such a movement 
is made~ the group of directions characterizing the surfaces 
is restored. In other words, such surfaces can move without 
alteration of form ; they provide the original and crude con- 
ception of a right boJ//. By means of the motions of rigid 
bodies, it is sometimes possible to bring parts of two pre- 
viously distinc~ surfaces into co~ttigtdty, so that there is 
nothing between those parts. In particular, edges, or parts of 
edges, can often be brought into such contiguity. Scratches 

C 2  
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20 Dr. Norman Campbell on the 

can be brought into contiguity with edges, and, in a sense, 
into contiguity with other scratches;  but the criterion of 
contiguity in tile last case is much less direct and requires 
methods involving something other than the simple per- 
ception of nothing between. 

The recognition of the possibility of contiguity is the 
second step towards geometry and leads immediately to 
the third, which consists in the establishment of a definite 
criterion for a straigl~t line. A crude criterion is provided 
by direct perception : a young child knows the difference 
between a straight and a bent line by simply looldng "tt 
them;  the recognition seems to depend on the fact that 
a straight line is all in one direction and is symmetrical 
with regard to the unsymmetrical directions of lef~ and 
right or back and front. The crude criterion is stated as 
well as it can be in Euclid 's  Def. 4. But  contiguity 
provides a nmch more stringent criterion, which in the 
first instance is applicable only to edges and not to 
scratches. Two edges are straight if, when two portions 
of one are brought into contiguity with two portions of 
the other, all the portions between these two portions are 
also in contiguity, however the contiguity of the firs~ pairs 
of portions is effected. I t  a]?pears as an experimental 
tact, that if A, B and C, D arc two pairs of straight edges 
according to this criterion, C is also straight if tested 
against A ;  accordingly an edge can be called straight 
independently of the other member of the pair on which 
the test is carried out. A scratch is straight if it can be 
brought into complete contiguity with a straight edge, 
These ihets are stated in Axiom 10. 

Oilier definitions of a straight line are sometimes offered : 
e .y. ,  (1) an axis of rotation, (2) the shortest distance 
between two points, (3) the path of a r.~y of light. (1) is 
almost equivalent to that stated here;  (2) will be noticed 
presently ; (~) is not accurately true (i. e., if it is adopted, 
the familiar propositions about straight lines are not true), 
but  it is important as an approximation for comparatively 
rough measurements. 

A plunge surface (or, according to our usage, part of 
a surlace) is then defined as in Def. 7. I t  can also be 
defined by the complete contiguity of' three pairs of sur- 
faces ; but the contiguity of surfaces is not easy to describe 
accurately. Such a definition is, however, actually used in 
maki ,g  optical flats and surface plates ; if it were adopted, 
it would still be necessary to introduce the fac~ tl~a~ it 
agrees with our definition, in order to measure angle. The 
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.Elements 02" Geomet~:7. 21 

conception of the contiguity of surfaces is not ac[ually 
required, except perhaps for the measurement of volume. 
( C]: § 11.) 

5. The third step places us in a position to introduce 
measurement and the three fundamental magnitudes, 
length, angle, and area. For fundamental measurement 
we need definitions of equality and addition, such that 
tile law of equality and the two laws of addition are 
true. The choice of unit may be left out of account; for, 
with geometric magnitudes, the laws are true whatever 
unit is selected. The law of equality is Axiom 1; the first 
law of addition is Axiom 9. Axioms 2-7 are together very 
nearly equivalent to the second law of addition (which may 
be stated roughly in the form that the magnitude of a sum 
depends only on the magnitudes of the parts). Axio,n 8 is 
an attempt to compress the definitions of equality for all 
three magnitudes into a single sentence; it is better to 
separate them. Euclid fails to give any definition of 
addition; be does not tell us how the " w h o l e "  is to be 
related to the "par ts"  in order that it should be greater. 

6. We will now take the magnitudes in turn. For the 
length of a straight line the necessary definitions are : - -  
(1) Two straight lines are equal in length if they can be 
placed so that when one end of the first is contiguous with 
one end of the second, the other ends are also contiguous. 
(2) The length of the straight line AB is equal to the sum 
of the lengths of the straight lines CD, EF,  if they can be 
placed so that C is conti~uous with A, F with B, D with E 
and with some part of AB between A and B. 

These definitions, like all similar definitions of mag- 
nitudes, are satisfactory and are subject to the necessary 
laws of equality and addition only if certain conditions 
are fulfilled. The conditions are described by saying that 
the surfaces in which the straight lines lie must be those 
of rigid bodies. This is a definition of a rigid body: a 
rigid body is something which (like a perfect balance) is 
determined by the satisfaction of the conditions for mea- 
surement ~'. Rigid bodies according to this test include 
many of those which satisfy the crude test of § 4, though 
they include o~hers (e.g., surveyors' tapes used as surveyors 
use them) which do not satisfy that test. In virtue of the 
fact that rigid bodies are necessary to measurement, the 

cf. H. Dingler, _Phys. Zeit. xxi. p. 487 (1920). 
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22 Dr. Norman Campbell o~t tl~e 

branch of geometry with which we (.~nd, according to our 
view, Euclid)are concerned may be fitly described as the 
study of the surfaces of rigid bodies. I t  is thus 'dis- 
tinguished from a wholly different branch of geometry, 
with which we are not here concerned, that is not confined 
to rigid bodies ; this is th(~ geometry of position. 

I t  is important to notice that not all pairs of straight 
lines can be brought into contiguity, and that the law of 
equality cannot therefore be tested universally. I t  might 
have turned out that there was some material difference 
between those which can and those which cannot be brought 
into contiguity with a given line; and that if we assumed 
that the law of equality is universally true, we should be led 
to inconsistencies. I t  is an experimental fact that no such 
inconsistencies do arise when we extend our definition of 
equality so that lengths are equal when they are equal to 
to the same length, although they cannot be brought into 
contiguity with each other. This is, of course, one of the 
most important laws that make measurement possible. A 
similar remark applies to all the geometric mag,itudes and 
need not. be repeated. 

7. The length of lines that are not straight can be 
measured apl)rOzimatelq as fundamental magnitudes by 
means of flexible but inextensible strings. But the laws 
of such measnrement are not strictly true, because (as we 
say now) no string is infinitely thin and the surface never 
coincides with the neutral axis. Another possible way, 
perhaps more accurate but of limited application, would 
be to roll curved edges on some standard edge, which 
need not be straight. '  But in truth there is no perfectly 
satisfactory way of measuring fundamentally the length of 
curved lines. All the measurements which we make on them 
are derived from measurement of straight lines ; they involve 
nmnerical laws between fundamentally measured magnitudes. 
One of these laws is that the perimeters of the circumscribed 
and inscribed regular polygons tend to a common limit as 
the number of sides is increased. That law is therefore a 
law of measurement if curved lines are to be measured. 

The question whether curved lines can be measured 
fundamentally is important, because, if they could be, it 
would be possible to define a straight line as the shortest 
distance between two points. (The definition would have 
to be put in some other form, since distance, a conception 
belonging to the geometry of position, implies the mea- 
surement of length.) But since they cannot be, that 
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Elements of Geometry. 23 

definition must be rejected ; it must be regarded merely as 
a generalized form of Prop. I. 20. 

8. An~le is the measure of the crude conception of 
direction. The following are the definitions of equality and 
addition for the angle between two intersecting straight 
lines : - -The angle between two straight lines A, B is equal 
to that between C, D if it is possible to bring A into con- 
t inguity wi~h C and B with D. The angle between A, B is 
the sum of the angles between C, D and E,  F, if, when 
A is brought into contiguity with C and D with E, D lyi~g 
between C and F and in the same plane with them, F can 
be brought into contiguity with B. These definitions are 
satisfactory only if the straight lines are in rigid bodies; 
or, in other words, there are surfaces which satisfy the 
conditions for the measurement of length and also those 
for the measurement of angle. 

But even if the surfaces are those of rigid bodies, the 
definitions are not wholly satisfactory and tim laws of 
measurement not entirely true. We must distinguish 
angles according as the two straight lines which they 
relate are or are not prolonged on both sides of the 
common point : the latter class may be termed " corners," 
the former " crossings." Angles between edges are always 
corners; those between scratches may be either corners or 
crossings. I f  we try to include both corners and crossings 
in the same class as a single magnitude, the law of equality 
is not t rue ;  for two corners which are both, according 
to the definition, equal to a crossing may not be equal 
to each o ther ;  as we .say now, one angle may be the 
supplement of the other. But if we treat corners and 
crossings as separate magnitudes this difficulty disappears ; 
the law of equality is true for either taken apart from the 
other. Actually we t~&e corners only as magni tudes;  
crossings we measure by the corners wi~h which they can 
be made contiguous. Each crossing then has four angles 
(i. e. corners) associated wi~h i~. I t  is an important experi- 
mental fact that the "opposite" angles are equal;  it is 
best taken as a primary law, instead of being proved from 
other axioms as in Prop. ~. 15. I t  is a law of measurement, 
because if it were not known, we should need four and not 
two angles to measure a crossing ; it is thus inherent in our 
system o[ measurement. 

But though the law of equality is now true, the first law of 
addition is false ; it is false for both corners and crossings. 
The whole which is the stun of the parts may be equal to 
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24 Dr. Norman Campbell on the 

one of the parts : e.g., if both of two parts, being corners, 
are what we now call I20 ° . Some kind of spiral space can 
be imagined in ~vbich the law would be true ; but actually 
it is very important that it is false. For, apparently in- 
separable from its falsity is the fact that the angle between 
two portions of the same straight line can be measured and 
given a finite value in terms of a unit which is the angle 
between two intersecting lines. This fact is described by 
the assertion that there are right angles and that a per- 
pendicular can be drawn to any straight line from any 
point in it, a right angle being defined as in Def. 1.10. 
(Axiom 1.11 follows frbm this definition, regarded as an 
existence theorem, and our axiom Prop. I. 15.) Since the 
existence of right angles is vital to geometry, we c:mnot 
avoid the falsity of the first law of equality by some 
alteration of the definition. We can only recognize that 
the law is true in some conditions, and be careful to apply 
it in deduction only when it is true. I t  is true when all the 
lines making the added angles lie on the same side of (or 
contiguous wlth) a single straight line passing through 
their common point; this condition can be expressed, 
though with some complexity, in terms of the fundamental 
notion of between. Thus, in proving Prop. I. 16 we need 
to know that C,F and CD both lie on the same side of AG. 
This law, and perhaps others of the same nature, are laws of 
measurement, defining the conditions in which angle can be 
measured uniquely. They require explicit mention. 

The ambiguity which the falsity of the first law of 
addition introduces into numerical measurement is removed 
by certain conventions. These need not be considered here 
for we are not assigning numerical values. 

I f  the length of curved lines were measurable funda- 
mentally, angle might be measured as a pure derived 
magnitude, e.g. by the ratio of the arc to the radius of 
a circle in virtue of the numerical law, established experi- 
mentally, that the arc is proportional to the radius. But 
since curved lines cannot be so measured, we must t~lke 
angle to be fundamental. We cannot use right-angled 
triangles with straight sides to measure angle as derived, 
because we need fundamental measurement to determine 
what angles are right. Of course we might define for 
this purpose a right angle as an angle between some two 
lines arbitrarily chosen as standard ; but such measurement 
would be intolerably artit]clal and nothing whatever could 
be deduced from such a definition. 
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.Elements of Geometry/. 25 

9. Euclid's definition of parallel lines must be rejected 
entirely~ for, since all plane surfaces are limited, the 
criterion suggested is inapplicable. Since the crude de- 
finition e[ parallelism is similarity of direction, we may 
try to define parallel lines as those which being in tile 
same plane make the same angle with any third line. 
We thereby imply the axiom of parallels in the form 
(Prop. I. 29) that such lines which make the same angle 
wid~ one straight line make the same angle with any other; 
we imply also that the angles which are to be equal are the 
"exter ior"  and " inter ior"  opposites or the "alternate " 
angles, since if the interior angles are compared tile 
proposition is not true. But the definition is not very 
satisfactory; for, when the lines are edges, there is not 
always an exterior or an alternate angle, i t  is better 
to adopt the substance of Axiom I. 12 as a definition, 
and to say that lines in one plane are parallel when the 
sam of the interior angles is equal to two right angles. 
This much abused axiom seems to me a very ingenious 
way out of a real difficulty. We then assert the axiom of 
parallels in the form (implied by I. 32) that if any two 
straight lines in a plane are cut by any third line, the 
sum of the interior angles is the same for all third lines. 
The merit of this axiom is that it indicates clearly that the 
"axiom of parallels" is really something concerning all 
straight lines in a plane and not only parallel lines, and 
that parallel lines are merely a particular case of other 
pairs of lines. The propositions that parallel lines never 
do intersect and that the angle between them is zero follow 
immediately. 

The axiom of parallels is a law of measurement becallse 
it is involved in the measurement of the angle between lines 
which do not intersect. Its use for this purpose requires 
that at some point of a straight line it should always be 
possible to place a straight line parallel to a given straight 
line. This proposition is not true tbr concave surfaces, but 
the complexities arising from this failure and the means of 
avoiding them may be left for the present;  they are dealt 
with more naturally in connexion with "space." If  the 
axiom were not used, we could hOt by our present methods 
measure the angle between non-intersecting straight lines : 
first, because the definition of equality given above, though 
sufficient for such lines, is not necessary: second, because 
the definition of addition is wholly unsatisfactory. 

There has been so much discussion of the necessity of the 
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26 Dr. Norman Campbell on the 

axiom of parallels that the matter requires rather more con- 
sideration. Two questions are involved. First, would it 
be possible to measure the angle between non-intersecting 
lines without assmning some proposition logically deducible 
from the axiom? I t  would be if, and only if, some 
property, common to all lines between which tlle angle 
is the same, can be found which is determinable by direct 
experiment not involving parallel lines. There may be 
such a property, hut I have not been able to think of it. 
Second, if the axiom were not actually true--but we may 
stop there. In a pure experimental science, there is no 
sense in asking what would happen if the world were other 
than it actually is. Theory is necessary to give such a 
question a meaning, by suggesting what might remain 
unaltered during the change. For our present purpose 
the axiom is as necessary as any other of those we are 
considering. 

10. Area  is distinguished from all other fundamental 
magzdtudes because the definitions of equality and addition 
are inseparable. They may be expressed thus. The areas 
of two bounded plane surfaces are equal if (but not only if) 
their boundaries ca,~ be brought into colnplete contiguity 
with each other or with the same third boundary. (A 
bounded surfac~ is a part of a surface which includes all 
portions which can be traversed without crossing the 
boundary line.) The area of A is the sum of the areas 
of B and C, if when parts of the boundaries of B and C 
are brought into contiguity with each other, the remaining 
parts of the boundary can be brough~ into contiguity with 
the bou,dary of A. In virtue of the fact that parts of the 
boundaries of two surfaces can be brought into contiguity 
in many different ways, there may be many different 
bounded surfaces, of which the boundaries cannot be made 
contiguous, which are the sum of the same bounded sur- 
faces. If  the measurement of area is to be satisfactory, 
these surfaces must also be deemed to have equal area, and 
the definition of equality must be extended correspondingly. 
With this extension tIae laws of equality and addition are 
true, and the measurelnent is satisfactory. 

In order that all bounded plane surfhces should have 
areas, some rule must be found for choosing the shape of 
the melnbers of the standard series and for grouping them 
in such a way that some sum of them is equal to any area. 
We use for this purpose rules based on the axiom of 
parallels, and that axiom is therefore again a law of the 
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measurement of area. The rule might possibly be dis- 
pensed with, if we were prepared to spend unlimited time 
in selecting by trial and error shapes for the members o[' 
the standard series which f~dfi] the necessary eonditiovs ; 
but actually we could never measure area except by making 
use of similar figures, the production and properties of 
which depend wholly on the axiom of parallels. Further,  
it is the use of that axiom which enables us nowadays to 
calculate area from the linear dimensions of a surfhce 
without resortiug at all to fundamental measurement. 
But  of course all the numerical laws on which that cal- 
culation depends have to be established by means of 
fundamental measurement. I t  is only by defining area 
as we have doue, and assuming the axiom of parallels: 
that  we can prove by deduction that the area of a rect- 
angle is proportional to the product of its sides, or equal if 
the units are suitably chosen. 

The areas of surfaces that are not plane cannot be mea- 
sured fundamentally,  even to the extent that the length of 
curved lines can be. For there are no iuextensible surfaces 
which can be brought into contiguity with surfaces of any 
curvature. !Vieasurement of curved area is always derived 
and estimated by the limi~ of the circumscribed polyhedra 
as the nmnber of their sides is increased. But the whole 
matter is obscure, because it is much more difficult to 
establish experimentally that there is a limit or to say what 
the limit i s ;  for there is here no inscribed polyhedron 
tending to the same limit. There is singularly little experi- 
mental evidence for the assertion that the area of a sphere 
is 4try ~, and there is great difficulty in saying exactly what 
we mean by such an assertion ; curved area is almost always 
a hypothetical idea and not an experimental magnitude 
at all. 

11. Volume is a property of complete surfaces. Since 
complete surfaces can never be brought into complete con- 
tiguity, volume cannot be measured fundamentally by any 
process at all similar to those applicable to the magnitudes 
we have considered so far. Volume is measured (1) as a 
fundamental magnitude by means of incompressible fluids, 
or (2) as a derived magnitude by means of the lengths and 
angles characteristic of the surface. The second method 
depends upon numerical laws established by means of the 
first. In  certain cases these laws can be related closely 
to other geometric laws by means of the following propo- 
sitions :--(1) Two complete surfaces with equal dimensions, 

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
C

al
if

or
ni

a,
 S

an
 D

ie
go

] 
at

 1
2:

14
 2

9 
Ju

ne
 2

01
6 



28 Dr. :Norman Campbell on the 

i. e. with equal lengths amt equal angles between them, have 
equal volumes. (2) If  two complete surfaces have each 
one part plane, and the boundary of the plane part of one 
can be brought into complete contiguity with the plane part 
of the other, then the complete surface which has dimensions 
equal to that of the complete surface so formed has a volume 
equal t o  the sum of the volumes of the original surfaces. 
These propositions could be used as definitions of equality 
and addition in a system of measurement, which would be 
independent of the measurement of length and angle (and 
therefore no~ derived), because it involves only equality, and 
not addition, of length and angle'. But it is o~' limited scope 
and, in particular, would not permit the measurement of 
the volumes o~ curved surfaces. Since we do undoubtedly 
attribute a meaning to the volume of such surfaces, in a 
way that we do not to their area, measurement by incom- 
pressible fluids, which is not geometric, cannot be wholly 
avoided. But the propositions, which are those on which 
Euclid bases his treatment of volume, are actually used in 
modern practice, and are therefore regarded permissibly as 
laws of measurement. 

12. In deducing Euclid's propositions from the laws 
of measurement of these magnitudes, subsidiary laws are 
required, corresponding roughly to his postulates, expressed 
and implied. First, we need "existence theorems" corre- 
sponding to each of the definitions; for example, the 
definition of a plane surface justifies the conclusion that 
a straight edge can be t)laced contiguously to any two 
portions of" such a part of a surface. Second, we need the 
assumption that we can make an objec~ having a magnitude 
equal to that of any object presented to our notice. All 
these propositions are laws of measurement : the first group, 
because all definitions in experimental science are nothing 
but existence theorems ; the second, because it is implied in 
the fact that we can make a standard series by which we can 
measure any magnitude. 

Euclid's three expressed postulates are all untrue. I 
cannot "draw a straight line " from this room to the next 
when the door is closed. !VIoreover his constructional 
propositions, closely connected with the postulates, are 
unsatisfactory because th.ey are all directed to the drawing 
of scratches, rather than to the making" of edges. The 
hypothetical experhnents by means of which the deductions 
are effected are carried out much more easily with edges 
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Eleme~ts of Geometry. 29 

than with scratches; and if any of the propositions were 
doubted and put to the test of experiment, it wouht certainly 
be by means of edges ; the extension to scratches would l)e 
by-means of the contiguity of edges with them. Euclid's 
methods here undoubtedly indicate that he is leaa'ing, 
perhaps consciously, the realities of experimental science 
for the pure ideas of mathematics. But he has made 
so little progress towards the new peak that, if he is to be 
restored to safety, it is far easier to drag him back to that 
which he has never left completely than to guide him 
through the hog in which the two sciences are confllsed 
to the very distant goal. 

13. Only a few disconnected remarks will be offered 
here on the process of deducing the Euclidean propositions 
from the ikmdamental laws that have been sketched. Of 
com'se, we should employ the "application" (or contiguity) 
method of Prop. I. 4 wherever possible, instead of trying 
to avoid i~; for it is based directly on the fundamental 
notions. Again, we should no~ commit Euclid's error of 
supposing that strictly similar triangles can be brought 
into contiguity; we should appl3 the mirror linage first 
to one triangle and then to the other. There would be 
no need to introduce area to prove Prop. I. 47. A Greek 
writer was forced to do so, because, not being familiar with 
the multiplication table, he could describe in no other way 
the relation between a number and its product by itself. 
We should proceed from Prop. I. 34 to Book VI. and prove 
Prop. I. 47 by drawing the perpendicular from the right 
angle to the hypoteneuse and using the relations of similar 
triangles, treated by algebra. For nowadays, since we 
admit no ineommensm'ablo magnitudes, we can dispense 
altogether with Euclid's very beautiful and ingenious 
sub¢leiies about ratios. A ratio in experimental science 
is nothiug bu~ a value taken from the multiplication table~ 
which is established by the measurement of nmnber, i. e. by 
counting. The laws of the measurement of number are 
involved in those of the measurement of every "continuous" 
m.~gnitude. 

April 2:2, 1922. 

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
C

al
if

or
ni

a,
 S

an
 D

ie
go

] 
at

 1
2:

14
 2

9 
Ju

ne
 2

01
6 


